Notes 1.5.notebook August 09, 2013

I've Created a
Monster, m(x)

LEARNING GOALS

NCLONS
* Build functions graphically.
* Predict and verify the behavior of functions
using a table of values.
* Build functions using a table of values.

In 1818 Mary Shelley wrote the science fiction novel Frankenstein. It is the tale of
Dr. Victor Frankenstein, a scientist who dreams of creating life. He accomplishes
this dream by using old body parts and electricity. Unfortunately, he creates a
monster! Horrified and filled with regret, Victor decides that he must end the life that
he created. His monster has other plans, though. He is lonely and wants Victor to
create a woman to keep him company in this cruel world! Crime, drama, and
vengeance follow as the creator struggles with his creation.

Frankenstein laid the foundation for many of the horror and science fiction movies that
you see today. While Mary Shelley’s novel is a literary classic for how it tackles deep
issues such as the meaning of life and the ethics of creation, it is also good
old-fashioned, scary fun. Do you enjoy scary movies? If so, do you think any of your
favorites may have been influenced by this classic tale?
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ﬁ PROBLEM It's Moving . . . It's Alive!

In the problem, You're So Square, you added the functions w(n) and g(n) algebraically to

G create a new function t{n). Manipulating algebraic representations is a common method for
building new functions. However, you can also build new functions graphically. Let’s
consider two graphs of functions on a coordinate plane and what happens when you add,
subtract, or multiply the output values of each.

1. Analyze the graphs of f(x) and gix).

\6“._: mEESN
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st
@ a. Predict the function family of m(x) if m(x) = fix) + g(x). Explain your reasoning.

You are
just predicting
right now, so wistakes
are Ok You will return

o this graph ot the
end of this problem.

b. Predict and sketch the graph of m(x).

a c. Explain how you predicted the location of mix).
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a A graph of a function is a set of an infinite number of points. When you add two functions

you are adding the output values for each input value. Given two functions, fix) and g(x), on a ﬁ

coordinate plane, you can graphically add these functions to produce a new function, mx).

To get started, let's consider what happens when you add f(x) and g(x) at a single point.

=3
=3

=3

2. Analyze the addition of the output values for the input
value x = 6 in the worked example.

a. How is this process similar to adding integers on a

Let’s add the output values
for fix) and glx) at x = 6 to
determine (6, m(6)).

m(B) = (6} + g(6)
m() =4+ —2
mi6) =2

The point on the new function

mix) is (6, 2).

Other points on the graph
of m(x) can be determined
in a similar way.

number line?
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Droawing o
vertical line can help
you deterimine the two
output values for a given
input. Notice the x-values
are the sawe in these
points.

-,

b. Why is the point (8, m(8)) closer to fix) than g(x)?

c. Why did the input value of 6 stay the same while the

d. Choose a different input value. Add the output values
for f{x) and g(x) to determine a new point on the graph

output values changed?

of m(x).

1.5 Analyzing Graphs to Build New Functions = 59
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3

Property
Commutative

Property over
Addition

Additive Inverse

MNow, let’s consider what happens when you add f(x) and g(x) at a few other points.
The properties you use in integer operations also extend to operations on the graphs
of functions. Recall the integer properties shown in the table.

Definition Integer Example

The commutative property states that the order in
which the terms are added does not change the 35+43=43+35

sum. In other wordsa + b=5b + a.

The additive inverse of a number is the number The numbers —5 and 5
such that the sum of the given number and its are additive inverses
additive inverse is 0. because -5 + 5= 0.

Additive Identity

The additive identity is 0 because any number

added to 0 is equal to itself. 5+0=5

3. Extend the integer properties from the table [T T ™ T[] vl
to operations on the graphs of functions. T \ 8 T
a. Use two output values from functions f(x) | & U
and g(x) to demonstrate the commutative 1 [T 1%
property over addition for functions. T
2 -
T
el

SEse e

T e

b. Determine output values for f{x) and g(x) that demonstrate the Additive Inverse
Property. Show that they are additive inverses algebraically and graphically.

c. Determine output values for fx) and g(x) that demonstrate the Additive Identity
Property. Show that they are additive identities algebraically and graphically.
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4. Ari and Will disagree over the location of (2, m(2)) when the output values of the

functions f(x) and g(x) are added.

Ari

g2 + f2) = (2 m(2)
CH+22n=(0Z4
The location of (2, m(Z) &5 (2, 4).

The two points are at the
intersection. Adding the
output Values of the two points
equals (2, 2 + 7).

a Who is correct? Explain your reasoning.

Wwill
2 +o0=022
The location of (2, m(2)) is (2, 2).

The lines intersect ot one point,
& point plus zero is itself.

1.5 Analyzing Graphs to Build New Functions w 61
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The process is much more efficient if you use key points. Some of the points considered in this

i When performing operations on two graphs, it isn’t practical to consider all sets of ordered pairs.
problem, such as intercepts, zeros, and intersection points, are good examples of key points.

@ 5. Sketch the graph of mx) = flx) + g{x).
a. Circle key points of the graphs of fx) and g{x).

N

When slpe‘rclu'ng
a graph of a function,
you need 1o plot enough
points to understand the
general behavior of the
new function.

b. Draw dashed vertical lines through your key points.

c. Add the corresponding y-values of f(x) and g(x) on each
dashed vertical line to determine points on m(x).
Then sketch the graph of m{x). Show or explain
your work.

d. Verify your graph of m(x) using one or more pairs of points that are not key points.

@ Carnegie Learning

e. Compare the function you graphed in this question with the prediction you made in
Question 1. Describe any errors you may have made in your prediction.
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August 09, 2013

PROBLEM Keep On Keeping On E

Let’s consider operations on different types of graphs. Let’s look at a linear function and a
constant function.

1. Analyze the graphs of j(x) and hix).

i | L y i | | - — "*I(X)
| &4 |-
| a4
hix) € >
I 24
g 4 -4 o [0 5 A %

E a. Predict the function family of c(x) if c(x) = jix) + h(x). Then sketch the graph of c(x).

b. Describe the relationship between original functions and c(x). Explain the relationship
between the functions in terms of their graphical and algebraic representations.

How will
your process of
sketching a graph change now
that you are subtracting
c. Predict the function family of n(x) if n(x) = jix) — hix). +wo functions?

Then sketch the graph of n(x).

d. Describe the relationship between the original functions
and n(x). Explain the relationship between the functions
in terms of their graphical and algebraic representations.

1.5 Analyzing Graphs to Build New Functions W 63
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@ Mowv let’s look at what happens when you add and subtract the outputs of two parallel lines.
ﬁ 2. Analyze the graphs of s(x) and v(x).
v [T A A
4 /o
al |
r 7
_4 -3 —1 04 3 4 X

AT,

AT

s

a. Sketch the graph of wix) = s(x) + vix).

b. Describe the shape of w(x) compared to s(x) and v(x).
Explain why adding the output values changes the
shape of the new graph in this way.

Explain your
answer in terws of the
graphical and the algebraic
representotions.

@ Carnegie Learning
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c. Sketch the graph of mix) if mx) = s{x) — vix).

5 Wake a prediction ﬁ

_}’ | .{X) d about the new graph

N | - before you start!
o lal

BERy A AT AR T

P
_at
_at

d. Sketch the graph of n{x) if n(x) = vix) — s{x).

i 509
e T vk
al
DR AR IR NI
=T
_at
_al
e. Describe the shape of the graph when you subtract s(x) and vix). Will subtracting the
output values of any two parallel lines have this same result? Explain your reasoning.
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ﬁ E 3. Mrs. Webb asked her students to determine v{x) — s(x). Erik’s and Lily's work is shown.

Erik
six) vl
" Y / - W) |t | Differences
b A" fl=| =
A A 2 | o -7
1 L 105 | 4% 4 -
A S
ﬂ/ v The new graph is located 2 units below
/ E V). | know this is corvect because each
. point has a differevice of —2
Lily
Vi ,S'('x ) ¥ The new graph is located ot y = —2.
4t / | know this is correct because | subtracted
- %/ —1 several points and the y-value was
v — | =7,
T2 always
< 7 - e
a Who's correct? Explain why one graph is correct and the error made to create
the other graph.
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MNow, let's work backwards.

@ 4. Analyze the graphs of hix) and kix).
a. Draw the function j(x) with outputs such that

hix) + jb) = kix).

v Ak [T
8 / hilx)
SR viasey s
A
1/
/7,
/ol

t t
=8 = =

— .

VR

. . . So
this time you have to
work backwards. Think about
how o reverse what you did
before. The additive idewtity and
additive inverse may help you
determine a couple ouctpuct
values for i)

e

b. Complete the table of values to verify that h(x) + jix) = kix).

x hx) i)

k() = h(x) + j(x)

=

=l

c. Describe examples of the additive inverse and additive identity properties for output

values in this problem.

d. Use the graph or table of values to determine the algebraic expressions for h{x), j{x),
and k(x). Algebraically show that hix) + j{x) is equivalent to k{x).
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e. How can you determine from the graph, the table of values, and the algebraic
expressions that the functions h(x), j(x), and kix) are all linear?

graph:
table:

equation:

f. Do you think adding two linear functions will always result in another linear function?
Explain your reasoning.

So far, you have only considered two linear functions. Now let's explore a linear function and
a guadratic function.

E 5. Analyze the graphs of k{x) and p(x).

13

r4 1 k(x}k:

a. Predict the function family of a(x) if a(x) = k{x) + p(x). Explain your prediction.
b. Sketch the graph of function afx). Show or explain your work.
a c. Do you think adding a linear function and a quadratic function will always result in a

quadratic function? Explain your reasoning in terms of the algebraic and graphical
representations of the functions.
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@ 6. Draw the graphs that meet the criteria provided.

a. Sketch the graph of two different functions whose sum is a parabola opening up. ﬁ
What conclusions can you make about the two functions?

Take sowe
time To experiment
with a graphing calculator.
Ewnter the first function as y
and the second function as yzl.
Groph their sumosy =y +y.

Tiy 4o generalize based on
what you observe.

b. Sketch the graph of two functions whose sum is the

horizontal line y = 0. What conclusions can you make
about the two functions?

1.5 Analyzing Graphs to Build New Functions = 69
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c. Sketch the graph of two functions whose sum is not a function. What conclusions
can you make about the two functions?

PROBLEM They're Multiplying!!

Just as you added and subtracted functions in the previous problems, you can also build
functions through multiplication.

1. Analyze the graphs of f(x) and g{x).

8+
- - &
\\ 4
N ] 1] |
t \ + = -
—8 -6 > 0 2 & Fi
AR BN 1] | You can
/ use key points
1 / [ \ 1] when wuHiplying just
| g RNEES like you did when adding
I M ] IRV
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@ a. Predict the function family of A(x) if h(x) = fix) - gx).

Explain your reasoning.
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b. Sketch the graph of h{x). Show or explain your work.

c. Describe the differences between the graphs of f{x) and gix) and the graph of A(x).

d. Was your prediction in part (a) correct? What was the same/different after you
multiplied the output values of key points?

E 2. You can analyze a table of values to determine the graphical behavior of functions.
a. Complete the table of values for A(x) = fix) - gx).

b. What patterns do you notice in the table?

x ) 9t hix) < Canyou
/ see how the
-7 -10 2 Identity and Zero
-6 _8 i Properties discussed. in
Problem 2 extend o

-5 -8 0 wuHiplication?
—4 -4 -1
-3 -2 -2
-2 0 -3
-1 2 —4

0 4 -5

c. Analyze the first and second differences for each function. How do you know
f(x) and g(x) are linear but f(x) is not?

1.5 Analyzing Graphs to Build New Functions W 71
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a. For which input values are the output values of fi(x) negative? For which input values

i 3. Consider the sign of the output values for each function in the table.
are the output values of hix) positive?

This is
just like
wmultiplying real
nuimbers.

b. How does the sign of the output values of fix) and g(x)
determine the sign of the output values of h(x)?

4. Consider the x-intercepts for fix), g(x) and h{x).
a. Identify the x-intercepts for each function.

fix):
glx):

hix):

b. What pattern do you notice in the x-intercepts?

Rewmewber that

the Zevo Product
Property is important for
The Zero Product Property states that if the product of solving quadratic functions
in factored forpn.

two or mare factors is equal to zero, then at least one factor
must be equal to zero. .

c. How does the Zero Product Property relate to the
x-intercepts of the three functions?
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E 5. Analyze the graphs of s(x) and v(x).
- - Y y " Predict the _ E
L I [ /st

1 I A /" function family of your
6 / vl sketch before you get
ls / 1] started!

0 d [ .

//

a. Sketch the graph of plx) if plx) = s{x) - vix).

b. Identify the x-intercepts of p(x). Explain the relationship between the x-intercepts of
px) and the x-intercepts of s(x) and v{x).

c. ldentify the vertex of p(x). What is the relationship between the vertex of plx) and the
functions s(x) and v{x)?

d. In Problem 2 of this lesson, you added the functions s(x) and v(x) to create function
wix). How is multiplication the same? How is it different?

1.5 Analyzing Graphs to Build New Functions W 73
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6. Analyze the graphs of a(x) and bix).
A . R /.

\' 81 afx}
1 .4._
AN
FuPEDEE ura
APl
&
&+ |
T, N
A
a. Sketch the graph of c(x) if clx) = alx) - bix).
b. Describe the shape of clx).
7. Analyze the graph of rix).
Ty
et )
o]
sl
8 -6 -2 —2 /0 L E

B

]

¥

a. Sketch the graph of dix) if d(x) = r(x) - rix).

b. Describe the shape of dix).
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8. Analyze the graphs of fix) and g(x). E

\

a. Sketch the graph of mix) if m(x) = f(x) - gx).

b. Describe the shape of m(x).

c. Do you think multiplying a quadratic function and a linear function will always result
in a graph with this shape? Explain your reasoning.

1.5 Analyzing Graphs to Build New Functions W 75
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ﬁ Talk the Talk
While you may not have realized it, the functions you worked with throughout this lesson are

a polynomials. A polynomial is a mathematical expression involving the sum of powers in one
or more variables multiplied by coefficients. The degree of a polynomial is the greatest
variable exponent in the expression. For example, 4x° + 2x* + 5x + 1 is a polynomial
expression of degree three, 2x is a polynomial of degree 1, and a constant such as 5 has
degree zero since it can be written as 5x°.

1. Given the functions,
*y, = ax?,

* y, = bx, and
. }.rs:c

generalize the function family of the polynomial when:

a y +y,
b. y +v,

c. y,+y,

2. When two functions of different degree are added, what
can you say about the degree of the resulting function?

Use a graphing
caleulator to explore
functions of higher degree

than 2. What ave the shapes
of functions with degree 3, Y,
ond higher? Do they keep this
shape when other functions
with lower degrees are
added to thew?

a Be prepared to share your solutions and methods.
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